
Chemistry BC3252y: Part VI
Systems of variable composition

(the formal tools)
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Heretofore, n has not been a variable
(except to define to overall scale)

But if composition can vary freely, 
instead of G(p, T) we have G(p, T, n1, n2…).
Since G is a state function its total differential is

Observe carefully what is being held constant:
in the first two derivatives, all ni (plus p or T)
in the rest all ni except the one being varied

(Atkins denotes this as n´) plus p and T.

...dn
n
Gdn

n
GdT

T
Gdp

p
GdG 2

nn,p,T2
1

nn,p,T1n,pn,T 2j1jjj

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

=
≠≠

3

Chemical potential

Define a new quantity μμii called chemical potential
μi ≡ (∂G/∂ni)p,T,n′

Then dG = V dp −S dT + ∑ μk dnk

where the sum is taken over all species.
A fundamental equation for an open system.
What is What is μμkk??

For a pure substance G = nGm, so  μk = Gm

The chemical potential of a pure substance
is its molar Gibbs free energy.
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Example: phase transition
Consider a system with two pure phases, α and β

dG = V dp − SdT + μα dnα + μβ dnβ
If p and T are constant, dG = μα dnα + μβ dnβ

When molecules go from β to α, dnα = −dnβ
dG = (μα dnα – μβ dnα) =  (μα – μβ ) dnα

If the process is spontaneous:  dG < 0
If dnα > 0, then (μα – μβ ) < 0; so μβ > μα
nα will increase if its chemical potential (μα) is lower. 

Molecules will move spontaneously into 
the phase with the lower chemical potential. 
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Why “chemical potential”?

Molecules move spontaneously towards 
the phase with the lower chemical potential. 

Like p and T, µ is an intensive property.
µ, p and T play similar roles:

When there is a pressure gradient, 
matter flows towards the region of lower pressure.

When there is a temperature gradient, 
heat flows towards the region of lower temperature.

When there is a chemical potential gradient, 
matter moves towards the region of lower µ.

At equilibrium, p, T and all the µk values 
(different for each k) are uniform throughout the system.
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Chemical potential:  Pure ideal gas

dG = V dp – S dT
So for a pure substance
dμ = dGm = Vm dp – Sm dT
If T is constant,  dμ = Vm dp
for an ideal gas Vm= RT/p
Integrate:
μ = μ° + RT ln p
where μ° =  μ when p = p°
and p° = one (atm or bar). 

If p falls, μ falls.

μ

p1

μ0
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Why “chemical potential”?

In a system at equilibrium the chemical potential of j
is the same everywhere, for example μj,ℓ = μj,g.  

When there is an imbalance in chemical potential, 
molecules move towards the region of lower μ
until the μ's are balanced. 

If μj,ℓ < μj,g then j molecules in gas will condense:
this lowers p, so it lowers μj,g

The process continues until μj,ℓ = μj,g

then the system is in equilibrium.
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Relating chemical potential to 
the other energies (U, H, and A)

dG = V dp − S dT +∑ μk dnk

G = H − TS  → dH = dG +TdS + SdT
dH = V dp +TdS +∑ μk dnk

dH = (∂H/∂p)S,ndp + (∂H/∂S)p,ndS
+ ∑ (∂H/∂nk)p,S,n′ dnk

Equating coefficients, μk = (∂H/∂nk)p,S,n′

Similar result for each of the energies:
μk = (∂U/∂nk)V,S,n′ =  (∂A/∂nk)V,T,n′



9

Fundamental equations for openopen systems

dG =  +V dp − S dT + ∑ μk dnk

dH =  +V dp + TdS + ∑ μk dnk

dA = −p dV − S dT + ∑ μk dnk

dU = −p dV + TdS + ∑ μk dnk
sums go over all species k
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Additivity relation for G

dU = −p dV + T dS +∑ μk dnk

differentials are all of extensive properties
U = nUm, V = nVm, S = nSm , nk = nXk

If we scale system holding (p, T, Xk) constant, then
dU = Um dn, dV = Vm dn, dS = Sm dn,  dnk = Xk dn

Um dn = –pVm dn +TSm dn +∑ μk dXk dn
= (–pVm +TSm +∑ μk Xk ) dn

thus Um = (–pVm +TSm +∑ μkXk )
Um + pVm −TSm = +∑ μkXk

But U + pV − TS = G!   Therefore  Gm = +∑ μkXk

Multiply through by n: G = +∑ μknk
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Additivity relation: G = ∑ nk μk

The total Gibbs free energy for the system is the sum 
(over all species) of the moles of each species times 
its chemical potential.
For a system composed of separate pure substances, 
this might seem obvious:

G = nAGm(A) + nBGm(B) + …
But the derivation proves this is also true in mixtures.
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The Gibbs-Duhem equation

dG = +∑ μk dnk+∑ nk dμk

dG = V dp −S dT +∑ μk dnk

∑ nk dμk = V dp −S dT Gibbs-Duhem equation.
(p, T, and (p, T, and μμkk) are not independent of one another! ) are not independent of one another! 
Example. Suppose we have pure liquid water
in equilibrium with its vapor at fixed (p, T)  

The GD equation says nℓ dμℓ + ng dμg = 0 
Put a little salt in the liquid.
This makes μℓ change: it decreases, due to mixing.  
This implies that μg must change too, even though 
there is no salt there. How?  The vapor pressure falls.
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Partial molar quantities

For a pure substance, G = nGm, so when temperature 
and pressure are fixed, μk ≡ (∂G/∂nk)p,T,n′ = Gm,k

Chemical potential is the Chemical potential is the molar Gibbs free energymolar Gibbs free energy
In a mixture (solution) the presence of other substances in general 
changes the environment experienced by k, 

so μk ≠ Gm,k

Chemical potential is the Chemical potential is the partial partial molar Gibbs free energymolar Gibbs free energy..
Partial molar quantities are similarly defined  
for any extensive variable Z:  Zi ≡ (∂Z/∂ni)p,T,n′

All extensive properties are additive:  Z = +∑ nkZk
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Partial molar quantities

For any extensive variable Z,  Zi ≡ (∂Z/∂ni)p,T,n′

Additivity: Z = ∑ nk Zk Verify: take (∂/∂nk )p,T,n′

Gibbs-Duhem equation says  ∑ nk dμk = V dp −S dT
∑ nk dμk = (∑ nk Vk)  dp − (∑ nk Sk) dT
∑ nk dμk − (∑ nk Vk) dp + (∑ nk Sk) dT = 0
∑ nk {dμk − Vk dp + Sk dT} = 0
The only way this can be true for any n is that 
all coefficients must be zero: {dμk − Vk dp + Sk dT} = 0 

dμk = Vk dp − Sk dT.  
Compare (for pure gas): dGm = Vm dp − Sm dT
Same equation holds, now for partial molar quantities!
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Partial molar volumes

Partial molar volume Vk ≡ (∂V/∂nk)p,T,n′

Consider a mixture of two liquids 1 and 2:
V1 = (∂V/∂n1)p,T,n2 and V2 = (∂V/∂n2)p,T,n1

Are these the same as the molar volumes
of these pure liquids Vk*?  [* = pure]  

No!  Volumes are not simply additive: 
When you mix 100 mL water and 100 mL alcohol, 
the resulting solution has volume ~190 mL.

V  ≠ n1V1* + n2V2*
Some books use a special symbol to distinguish a 
partial molar quantity from a molar quantity.
Atkins does not: you must infer from the context.
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Vk ≡ (∂V/∂nk)p,T,n′ What does this really mean?

Start with a solution at (T, p, and X), 
for example a water-alcohol mixture. 

Add a very small quantity of water, δnw.  
The volume changes by an amount δV.  
δV/δnw is the partial molar volume.  

Alternatively, start with an infinitely large sample
of the same solution at (T, p, and X).
Add one mole of water: 
the increase in volume is the partial molar volume.

Water and alcohol are an extreme example: 
often the molar volumes and the partial molar volumes 
of two liquids in a mixture are nearly the same.
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Determining partial molar volumes

Make a series of mixtures of water and alcohol 
at various mole fractions, and measure Vm = V/n, 
where n is the total number of moles.  Plot Vm vs. X.
At Xe = 0, Vm = Vm,w* and at Xe = 1, Vm = Vm.e*

In between, not a straight line, but a curve.  
Additivity says V = n1V1 + n2V2 = n (X1V1 + X2V2).  
But X1 = 1–X2, so Vm = V1 + X2(V2−V1). 

If the Vk’s were constant, this would be a straight line 
with Vm (at X2 = 0) = V1* and Vm (at X2 = 1) = V2* .
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Determining partial molar volumes

For one mole, V = V1 + X2(V2−V1)
V1 and V2 vary with X2, so 
V vs. X is not a straight line.

Take the values of V1 and V2
at some arbitrary X2  (= X2´ ), 
draw a straight line 
with intercept V1 and 
slope (V2 −V1).  

That line is tangent to the 
curve Vm vs. X2 at X2´ , ,and.

crosses V1 when X2 = 0 
and V2 when X2 = 1.

This diagram exaggerates typical curvature! 

Partial molar volumes
V1* = 20, V2* = 35

tangent at X2 = 0.6 :  
V1 = 6.24 and V2 = 27.34
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Determining partial molar volumes

Vm = V1 + X2(V2−V1).
Result: The quantities V1 and V2 are 

the intercepts of the tangent to the 
Vm vs X curve at each X.

Data: ethanol-water at 20°C.
from International Critical Tables 
Vol. 3, p, 117. 
V is not linear in X, but the 
deviations are not very large.
Tangents at a point - - -
generate partial molar volumes 
(via spreadsheet)

Water-ethanol at 20 C
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Partial molar volumes: EtOH-Water

These two graphs show essentially the same data.
The ordinate scale in Atkins 7th Ed., Fig 7.1 exaggerates this.

8th Ed. Fig 5.1 --- even more exaggerated.

Water-EtOH at 20 C
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Relationship between partial molar volumes
For a two component system:
dV = (∂V/∂T)p,n1,n2 dT + (∂V/∂p)T,n1,n2 dp

+ (∂V/∂n1)p,T,n2 dn1 + (∂V/∂n2)p,T,n1 dn2

If (p, T) are constant  dV = V1 dn1 + V2 dn2.
But V = n1V1 + n2V2

Take differentials: 
dV = n1 dV1 + n2dV2 + V1 dn1 + V2dn2

Thus n1 dV1 + n2dV2 = 0  so  n1 dV1 = −n2 dV2

V1 and V2 are not independent. The slopes of the 
Vk vs. X curves at any point are opposite in sign:

X1 (dV1/dX1) = −X2 (dV2/dX1)
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Chemical potential of pure ideal gas (review)

For a pure substance
dμ = dGm = Vm dp – Sm dT
If T is constant, for an ideal gas: 
μ = μ° + RT ln p
where μ° =  μ when p = p°
and p° = one (atm or bar).

If p falls, μ falls.
We used this earlier in discussing condensation:

If μj,ℓ < μj,g gas molecules j move to liquid: condense.  
This lowers μj,g because p falls (by above equation).

Equilibrium vapor pressure is the p at which μj,ℓ = μj,g

μ

p1

μ0
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Mixture of Ideal Gases

For a pure ideal gas at constant T:
μ = μ° + RT ln p     

For a mixture of ideal gases:
dμk = Vk dp – Sk dT (derived on slide #14)
but theses are now partial molar V, S, G.

For ideal gases   V = ntotRT/p = (n1+n2+...) RT/p
So for gas k, Vk ≡ (∂V/∂nk)p,T,n′ = RT/p

For an ideal gas, 
all partial molar volumes = molar volume!

If T is constant   dμk = RT dp/p
so μk = μk° + RT ln (p/p°)  
μk = μk° + RT ln p
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Mixtures of Ideal Gases (2)

Pure ideal gas k: μk = μk° + RT ln p
Mixture of ideal gases: μk = μk° + RT ln p
Are these the same? No!  

The first μ is for pure k, the second 
for k in a mixture with some composition.  

To emphasize this, we can write explicitly 
what each depends on (and add * for pure):

Pure ideal gas k: μk*(T, p) = μk°*(T) + RT ln p
Mixture: μk (T, p, X) = μk° (T, X) + RT ln p
How does composition X influence μ?

26

How does μ depend on composition Xk
in a mixture of ideal gases?

For pure k (indicated by *) at pressure p = pk
μk*(T, pk) = μk°*(T) + RT ln pk

For a mixture: μk (T, p, X) = μk° (T, X) + RT ln p
But partial pressure pk = Xkp, so p = pk/Xk
μk (T, p, X) = μk°(T, X) + RT ln (pk/Xk)
μμkk (T, p, X) = (T, p, X) = μμkk°°(T(T, X) + RT ln , X) + RT ln ppkk –– RT ln RT ln XXkk

But ideal gases don’t interact:  
gas k at a given (T, pk) has the same chemical potential
whether it is pure or mixed:  
μk (T, p, X) = μk*(T, pk)
μk°(T, X) + RT ln pk – RT ln Xk = μk°*(T) + RT ln pk

Therefore μk°(T, X) = μ°*(T) + RT ln Xk
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How μ depends on composition

From previous slide:
μk (T, p, X) = μk°(T, X) + RT ln pk – RT ln Xk
μk°(T, X) = μk°*(T) + RT ln Xk

Substitute:
μk (T, p, X) = μk°*(T) + RT ln Xk + RT ln pk – RT ln Xk
μk (T, p, X) = μk°*(T) + RT ln pk (1)

But pk = Xkp so
μk (T, p, X) = μk°*(T) + RT ln p + RT ln Xk (2)

At a given (p, T), the chemical potential of k is lower 
in a mixture than in pure k, since ln X < 1.

Find another equation for μk (T, p, X)…
[Why? you may be asking..]
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μk (T, p, X) for ideal gas mixtures

μk (T, p, X) = μk°*(T) + RT ln pk (1)                
μk (T, p, X) = μk°*(T) + RT ln p + RT ln Xk (2)

Using  μk* (T, p) = μk°*(T) + RT ln p
μk (T, p, X) = μk* (T, p)  + RT ln Xk (3)
Keep in mind: * means pure and ° means at p = p°

Which equation we use depends on circumstances.  
Together they tell how the chemical potential of an 
ideal gas k in a mixture depends on temperature and 
partial pressure, total pressure, and/or composition.  

A key point is that for ideal gases, the dependence of μk
on p, pk, and X has the same logarithmiclogarithmic form.

(These equations are used for derivations, not calculations.)


