EXACT SOLUTIONS to the SCHRODINGER EQUATION

Free particle of mass m moving in one-dimension x: V(x) =0
y(x) = A sin(kx + ) (not normalized)
k? = 2mE, no quantization of energy
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Particle in a one-dimensional box: mass m, V(x) = 0 when 0 <x <L, V(x) = o otherwise
E,=n’ h*/8mL’ n=1,2,3..00
Wa(X) = (2/L)” sin(nmx/L)
Simple Harmonic Oscillator: particle of mass m with harmonic force constant k
V(x) =% kx* = . mo’x> where o” =k/m Reduced variable & = x/(7/m)"?
E, = (v+%) ho v=0,1,2,3...©
W@ =N H(E) e Ny=(2"vin’)
Hermite Polynomials H(&)

v 0 1 2 3
Hy(€) 1 2x 4x* -2 8x> — 12x

Particle on a Ring: Particle mass m, ring of radius r, no torques: V(¢) =0
Em = 72 M?/21 where [ = mr® M=0 =1, +2, £3... £
Dy(9) = (2m) " exp(iMo)

Rigid rotor: particle on mass m moving on a sphere of radius r: V(6, ¢) =0
Ey=#*/2ur?) J(J+1) =BJ(J+1) J=0,1,2...0 ; M=0=+1,42,+3.. £]
Vim(0,0) = Yim(0,0) = Oym(0) Dm(p) Y;m(0, @) called Spherical Harmonics

O;m(0) = Nym Pym(cos 0) DOpm(p) = (n)™” exp(i Mo)
Associated Legendre Polynomials P; m(cos 0)

J 0 1 1 2 2 2

M 0 0 +1 0 +] +2

P 1 coso sinf 5 (3 cos’® —1) | sin® cosd sin’0
N [ N1/2) | N@BR2) | NGE/A4) V(5/8) N(15/4) \(15/16)

Hydrogenlike atom (nucleus with charge Z, one electron with mass m.)

E, =-m. (Ze*/4nep)* / 2h* n*> =—-7? R, /n?

(identical to Bohr result)

three quantum numbers (n, /, m) where n=1,2,3..0; 0</<n; |m|</

Vi, . m (1, 0,0) =Ry (1) Y ,,m(0, ¢)

Y same as above, with (JJM) — (¢, m)

n / Normalized Radial Functions R,

1|0 2 (Z/ao)** exp(—Zr/a)

2 |0 (1/2N2) (Z/a0)** (2 — Zr/ag) exp(~Zr/2ap)

2 |1 (1/2N6) (Z/ao)*” (Zr/ag) exp(-Zr/2ay)

310 (2/8173) (Z/ag)*? [27 —18(Zt/ag) + 2(Zr/ag)* | exp(—Zr/3a0)
301 (4/81N6) (Z/ag)*? [6(Zt/ag) — Zr/ag)*] exp(—Zr/3ao)

3] 2 (4/8130) (Z/a0)** (Zt/ao)* exp(—Zr/3a0)




