Solution of the rigid rotor Schrédinger equation Chemistry BC3253x
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1. Classical rigid rotor E = — = 5 - Quantum mechanical operator L* — —A*A” .
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N = ——(S|n9—j+—— : Let W(0,¢) = O(0)D(p) and ¢ = — .
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2. Substitute ¥(0,9) = O(0) D(¢) into the eigenvalue equation A = —eV¥.

Rearrange the equation so the variables are separated:

2
sind 2 (sn ea®—(e)j+ssin26 = —ia ®(9) = Mz,aconstant.
@(0) 00 00 D(9) 092
1 82®(¢> M2 - oMo
3. ©D(p) = M=0,41,+2,43, ...
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4. smea—ae(smeaaé )j (s sin @ — M2)®(6) = 0.
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sin% 0 +sin6 coso +(a sin 0 — M2)®(6) =0.

5. As 0 —» 0, sin6 — 0, and so the above equation reduces to M2®(6) — 0.

Therefore, unless M = 0, the functions ®(6) = 0 when 6 = 0 .

This condition is guaranteed if we choose a function of the form ®(6) = (sin e)|'V'| K(0).

6. Assume that the functions K(6) can be expanded in a series of powers of cos0 :

K(0) = Z aj(cose)j. Therefore ®(0) = (sine)“v”Z:aj(cose)j .
j=0 j=0

7. Substituting this form into the differential equation for ®(6), we obtain

{—|M|(sin6)(|M|+2)Z (i+Da;j(cos6)] + [MI(IM|-1)(sin6) MY a; (cose) 1*2
+ (sine)(|M|+4)Z j(i-Da;j(cose) )2 — (|M|+1)(sin0)(|M|+2)z ja;(cos6)’
+ |M|(sine)|M|Z aj(cose)j+2 - (sine)(|M|+2)Z jaj(cos@)j

+ e(sin0) M2 3 (cos0) — M2 (sing) M1 a; (coso)] } -0
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8. Using the relation (cose)j+2 = (cos2 0) (cose)j = (1—sin2 0) (cose)j and the relation
(sin0) IMI+4) = (sin? 0) (sin0) IM+2) = (1-cos? 0) (sin0) IMI*+2) and collecting terms,

(sing) (IMI+2)

Y {IMDG+Da; - M?aj - i(i-Daj - (MI+2) jaj + ea; | (cos6)]
Y j(j—l)aj(cose)j‘z] - 0.
9. This will be true if the coefficient of each term in (cose)j equals zero. Therefore

aj[ =M < [MI(j+D) - (MI+2) j= j(i+D)] + aj.[(1+2) (+D] = 0.

which gives the recursion relation: aj,, = aj{(HlMlJrl)(HlMD — 8} :

(1+2)(J+1)
10. As j — o, aj,p» — aj,so the series will not converge and remain finiteas 6 — 0 .

Therefore either ag or a; must be chosen as zero, and the other series must terminate.
11. Let the terminal value of (j+|M|) = J . Then ¢ = J(J+1) , where the integer
J=0,1,2,3,... ForagivenvalueofJ,M=0,+1,42,43,....,4].

Thus the quantization condition on total energy E and angular momentum squared L2 is
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JO+1) ;L% = #23(0+1) :3=0,1,2,...:3 >|M|.
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E = BJJ+1) =

The angular momentum component L, = Mz ,M=0,+1,...,4].

12. The polynomial solutions to the equation for ® are the associated Legendre functions.
The associated Legendre function of degree J and order |[M| can be defined by

Ml 4IM|
PMix) = 1-x%) 2 4R x) . P;(x) is the Legendre polynomial of degree J:
! dx ™! )
Jy2 1y
Py(x) = Jl a" (x 3 Y . Here x =co0s0, and the normalized functions ©(0) are
27 J! dx
— |
0(0) = (20+1) (3 =[M1)! PJ|M|(cose). (See McQuarrie, pages 212-217 .)
2 (J+ M)

13.  The complete wavefunctions for the rigid rotor are the normalized spherical harmonics
Y(6,9) = Y,,(6,90) = ©,,,0)D,(¢) ,withJ=0,1,2,3,...and

M=0,+1,+2,....,+). The quantized energy levels for the rigid rotor are
E=BJUJ+1 ,J=0,1,2,3,... .Each energy level is (2J+1)-fold degenerate.

The angular momentum is space-quantized: L, has (2J+1) values for each L2.



